This paper focuses on the decomposition of real wages in Colombia both by workers' ages and by cohorts, which overlap over time. The paper analyses how the Colombia's labour structure has undergone important changes in the period 1982-2007. This period has been characterized by a demographic transition that has tilted the balance from a relatively young population to an older one. The effects of capital accumulation have been estimated and modelled considering the presence of ever more sophisticated machinery, usually replacing less-skilled, younger workers, in relation to older and more qualified ones. In general real wages present a curved shape for each generation, as is acknowledged in the life-cycle hypothesis, according to which people generally start their working life with low incomes and rising debts and then obtain higher income and accumulate assets.
Introduction
During the period 1982-2007, the economic growth rate in Colombia has been characterized by three main phases: low real income growth from the 1980s to the mid-1990s, stagnation and recession in the late 1990s, and a subsequent recovery and consequent accelerated economic growth continuing into the late 2000s. These economic outcomes should be related to changes in labour productivity measured in terms of real wages taken as a proxy for productivity. Obviously, there should be a close relationship between real wages in an economy and its economic growth. One of the most important factors to explain economic growth in the long run is increasing labour productivities.
The main purpose of this paper is to measure the life-cycle productivity profiles of Colombian workers from 1982 to 2007 in accordance with workers' ages and cohorts, with real wage information obtained from household surveys collected by the Colombian Statistics Office. Thus, this analysis will contribute to understanding the dynamics of the Colombian economy with an approach of overlapping generations in the referenced period. A small number of studies in Colombia have explored changes in real wages by age and cohort over time 1 . This paper attempts to document these changes in productivity for Colombian workers in a long-run period.
The paper contributes to explaining the effects that the introduction of new machinery has on the unskilled labour saving, especially related to the new generations, who are both in disadvantage as consequence of their inequality conditions, and for his greatest skill requirements. This characterization is complemented with the most appropriate theoretical tool, overlapping generation models, which allows obtaining stylized facts through the introduction of twelve worker cohorts. This analysis shows the need to rethink the policy to qualify younger workers to match the new job demands.
Different productivity results by population subgroups, defined by their position in the labour market, might have been registered in this period. The conjecture is that productivity decomposition, according to workers' ages and by cohorts of Colombian households, may reveal significant differences in the dynamics of workers' real wages, and that young workers are the losers with respect to middle-aged workers.
The hypothesis is that technology substitutes unskilled labour and is complementary with skilled workers, and that this technological bias affects real wage rates. Kotlikoff and Sachs [2] , like other authors in the extensive literature related to the economic history 2 , have argued that new machines replace unskilled labour; as such the new technology is designed and operated by new skilled workers. For that very reason, it is not surprising that the real wage gap between skilled and unskilled workers has increased, as has been observed in the Colombian economy in the recent decades.
Kotlikoff and Sachs [2] also suggested that the new technology would bring new threats to workers, in the sense that people would require both more time for education and to gain work experience in order to be considered qualified in the labour market. Therefore, the most skilled workers will age, and their levels of income and wealth will be higher with respect to younger workers.
When machines get smarter, older skilled workers will get richer, in contrast with young workers who are paid relatively lower real wages; thus there is an unfavourable distribution with regard to younger and less skilled workers. Highly educated workers will enjoy more opportunities, but workers with less education and experience will face declining employment prospects and stagnant incomes.
In this line of reasoning, this paper assumes the existence of different types of labour as production factors: The degree of unskilled and skilled labour depends on ages; less-skilled workers tend to be younger while more-skilled workers tend to be middle-aged. In addition, capital stock is introduced in the model that is presented in the last section, although it will not consider capital's different qualities. For that section, new technology is embodied in capital goods, using more skilled labour and saving unskilled labour. The factor prices are determined by their marginal productivity, so that a factor-saving innovation, as it is the case of unskilled worker factor, reduces both its relative price and the share of income in the economy.
Higher productivities registered during the Colombian life-cycle (by age groups as well as by different cohorts) are achieved consequently through work experience and, in many cases, by upgrading labour qualifications 3 . It is expected that skilled workers in recent cohorts should be more productive than their predecessors were at the same stage due to new technology and access to higher and better quality education. It is also expected that new social and cultural environments elicit new and better skills from workers, who also have access to better technologies for their job performance. Unskilled workers, on the contrary, cannot benefit relatively from these improved socio-economic conditions as a result of a capital technology bias that tends to replace this factor.
The initial hypothesis is that recent cohorts of skilled workers present higher productivity; while the produc- 1 Guataquí, García and Rodríguez [1] study the education and age effects in determining labour income, where the age effect increases the incomes according to a concave function. In addition they study these effects when workers are disaggregated between employees and self-employed. 2 Literature includes the works of Baldwin and Martin [3] ; and Williamson [4] . The difference is that in the past new technology usually raised all real wages, and now it is biased to empower the most talented individuals and against the rest of population (The Economist [5] ). 3 Becker [6] made this point in his classic book on human capital.
tivity curve shape will remain approximately equal across cohorts. Notwithstanding, younger and less skilled workers could record lower productivities with respect to previous cohorts in some periods. The empirical evidence shows that individuals in the same cohort go through a learning curve which results in higher productivity levels as workers advance in the labour life-cycle, meaning that present productivities of skilled workers are higher than those of previous cohorts. It is expected that maximum productivity is obtained by middle-aged workers while older workers tend to move into a transition phase of decreasing productivities. Productivities tend to fall at the end of an active life which could be reflected in the economy's slower growth.
There are studies that examine household income for different economies. Smeeding and Sullivan [7] explored the relative median incomes for different age groups in four developed countries: Canada, Sweden, the United Kingdom, and the United States. They took the disposable incomes after taxes, and these were adjusted by public transfers in the period 1989-2004; they also analysed how revenue performance was affected by labour market conditions, changes in social security entitlements as well as housing costs.
Beaudry and Green [8] documented changes in the age-earnings relationship across different cohorts in Canada, using income patterns of cohorts to evaluate the hypothesis about the labour-skills bias that accompanied changes in labour demands. Bertola and Villa [9] studied the gains or losses of Italian incomes among young and old cohorts over the period 1989-2004, and they described the difficulties faced by young generations as a result of different simultaneous events, such as the economy's general low performance, institutional changes in the labour market, new reforms in the pension system, and exceptional increases in the cost of housing.
Deaton and Paxson [10] [11] analysed how saving by household heads varied over the life-cycle. Their analysis implied problems when transferring demographic predictions for households into predictions for individuals. Their interest was focused on whether changes in the demographic structure as well as age affected household heads' decisions regarding saving. Thus they connected economic growth and savings and considered whether these were affected by changes in the household demographic structure 4 . Four sections follow this introduction. In the next section I discuss the statistical limitations for explaining changes in the labour productivities. While Section 3 contains analyses of labour productivity decomposition measured in terms of real wages for 80 cohorts of workers between 17 and 72 years of age as well as considering the trend in real wages during the period. In the Section 4, average cohort productivities are compared, both for the total economy and in terms of the industrial and services sectors; in addition, panel data models are estimated to account for changes in real wages between age groups and cohorts for the period considered. In Section 5, a simplified overlapping generation model is constructed to illustrate the typical Colombian life-cycle in a five-year intervals scheme, and the effects that arise by an increase in the capital stock efficiency. The last section is devoted to conclusions.
Household Data
As noted above, the dynamic economic growth rate should be correlated with the productivity, real wages as a proxy, reflected in the life-cycle of workers and by productivity increases among recent cohorts. Hence, one must measure productivity profiles according to workers' ages and also by the changes in productivity exhibited by recent cohorts. Necessarily, the productivity series or real wages should take into account a third element, which is trend. All these factors are purely empirical.
Real wages are analysed from ages 17 to 72, and few workers outside of that range are expected to make any significant economic contribution. Household surveys have been collected quarterly by the Colombian Statistics Office since its inception; and these have been collected on a monthly basis after since 2000. For the purposes of this study's purposes, the data is has been processed quarterly over 25 years and as well as for 80 overlapping cohorts for the referenced period.
The different households surveyed are chosen randomly and so it is not possible to follow individuals over the time frame. However, it is possible to follow groups of people with similar characteristics. The surveys used in this study follow cohorts of individuals over time, with cohorts defined according to birth date. The successive surveys let us to follow the cohorts, their real wages, education levels, and occupation types.
It is important to point out briefly some shortcomings in measuring productivity changes by using real wages as a proxy. It is well-known that the officially-reported real wages are not necessarily those that clear the actual labour market. Other factors regarding market labour failures are the imperfect mobility of labour as well as wage inflexibility attributable to institutional constraints, such as the minimum wage. Nevertheless, theorists agree that there must be a clear relationship between labour productivity and real wages 5 . Although household surveys obtain household income, it is difficult to attribute income to individuals, especially when the greatest resource for a household is a family business. Since household income in this study is strictly related to wages, this problem is minimized here, in contrast to studies that examine consumption and savings in the family life-cycle, where individuals of different ages coexist in the same household (Deaton and Paxson [10] . Thus household consumption combines information from individuals in different life stages, which obscures the link between consumption, and saving with the individual age profiles.
This paper examines changes in worker productivities in seven Colombian metropolitan areas by considering the following: 1) Changes in the demographic structure of the labour market explained by population growth and unemployment rates.
The demographic pattern affects productivity in accordance with the age profiles of the workers. A lower rate of population growth means there are fewer young workers than middle-aged ones, which leads to an increase in the share of workers that record higher productivities (i.e., the middle-aged). When elderly workers increase their participation, the overall labour productivity tends to decrease along with the economy's growth rate.
Additionally, a reduction in the unemployment rate explains higher economic growth rates as a result of higher total employment. Regarding the latter, it is expected that the economic process preferentially incorporates the unemployed with the highest levels of productivity for each type of activity required.
2) Productivity by age profiles for different worker groups. The conjecture is that recent cohorts, especially for skilled workers, present higher productivity profiles. However the shape of the productivity curve does not change, though it may tend to be steeper.
3) It is expected that the industrial sector should record higher levels of productivity than service activities, at least in countries like Colombia where the service sector is intensive in the use of unskilled labour. It is important to note that agriculture in Colombian household surveys shows a positive bias to use more skilled workers, as data are has been collected from the urban population.
In addition to educational levels and unemployment rates obtained from the surveys, organized by age and cohort, two additional macroeconomic variables are included in the forthcoming econometric models. These are capital stock and the degree of the openness of the Colombian economy, defining the latter as international trade in terms of GDP. These two quarterly macroeconomic variables are constructed with information obtained from the Colombian National Department Planning. Necessarily, physical capital accumulation, which enables the adoption of the production methods of the countries with major advances in technology, should impact labour productivity. This process of technological convergence might be favoured by the trade openness among countries.
A Standard Approach about Colombian Life-Cycle Theory and Real Wages as a Proxy for Productivity
The analysis in this section is developed in terms of workers without reference to households. I first discuss how changes in the Colombian demographic structure and labour market affect productivities and also how the real wage series are decomposed in three effects: age, cohort and trend. Second, I discuss the productivity dynamics in the manufacturing and service sectors, and then panel data models are estimated to account for the effects on real wages by age profiles and by cohorts.
Colombian Demographic Structure and Real Wages Decomposition

Colombian Demographic Structure
If very young and elderly workers show low productivity levels and are potentially dissaving then a reduction in this group of workers in the labour demographic structure can explain an increase in economic growth. Changes in demographic structure can indeed exert potentially large effects on national productivity and, thusly, on eco-nomic growth rates. Increases in the number of people who exhibit higher productivity, presumably those in middle age, relative to those who show low productivities, the younger as well as elderly workers, can potentially explain a greater dynamic in economic activity. Thus, increasing the labour share of those with higher productivity levels makes economic growth accelerate. Therefore, the life-cycle hypothesis leads to a rich set of predictions about the interaction between age structures, productivity and economic growth over time.
The labour structure in the biggest seven Colombian cities labour structure for a period of 25 years (1982 to 2007) is reported in Table 1 . Each cohort of workers begins at age 17. The share of the younger workers, between the ages of 17 and 26, shows a clear downward trend in this period. They lose about 11 percentage points in the labour demographic structure. In contrast, middle-aged workers, between the ages of 42 and 52, increase their participation by about 6 percentage points. Additionally, the oldest workers, between the ages of 62 and 71, continually increase their share in the labour demographic structure even though this population has traditionally contributed less than three percentage points to the total working population.
One might expect the average productivity during the reference period to have increased significantly. However, as will be shown later, that was not the case.
Real Wages Decomposition
As a proxy for productivity, the real wage series are disaggregated into the three components of cohort, age and trend. These three factors are obtained by estimating a statistical model (Equation (1)) where the dependent variable is the logarithm of real wages and the explanatory variables are three sets of dummies related to cohorts, ages and time. The decomposition methodology written in matrix terms is:
where w represents the real wages corresponding to each individual, D α a matrix of 56 age dummies, D c a matrix of 80 cohort dummies, and D t a matrix of 25-year dummies 6 . Each dummy by cohort corresponds to the consecutive ages of a cohort over time. Similarly, the age dummies relate to workers who are the same age during the reported period. The data is organized into pairs of ages and cohorts, so that each pair of observations corresponds to a specific quarter. Coefficients α α and β c represent the edge and cohorts effects over labour productivity. The coefficient γ t is the time effect, and u w is the measurement error. As usual, one column must be dropped from each of the three matrices. However, as explained in Deaton [14] , even after dropping these columns, it is still impossible to estimate Equation (1) because there is an additional linear relationship across the three matrices. So to estimate this model it is necessary to drop one more column from any of the three matrices, the time dummies matrix in this study. The latest cohorts analysed, the workers born in the 1980s, tend to have recovered the productivity levels. The most recent cohorts were excluded from the analyses as their short active labour life does not allow inferences regarding their productivity results.
The typical productivity profile by age is presented in Figure 2 . Real wages, as proxies for productivity, show the standard life cycle. Productivity per worker increases up to the age of fifty, and then it tends to start dropping slowly; where real wages of workers aged sixty are higher than those of workers aged thirty. These results explain age productivity profiles for the different cohorts.
As shown above, workers' productivity rises up to age 40, then it remains stable for a number of years. At 40, workers are about 5 per cent more productive than those who are 35 years old; while, workers aged under 30 are 15 to 25 per cent less productive than those who are 35 years old.
Notably, the productivity curve moves upward over time if economic growth is high, so that each cohort reaches better living standards than its predecessors. In contrast, the productivity curve moves down if the economic situation is in a stagnation phase or an economic depression.
Note the existence of the hypothesis of pro-cyclical movements between labour productivity and economic activity. Productivity fluctuates according to the state of the business cycle, so that it increases when the economy is expanding and as well as when the potential production capacity is used; conversely, it falls in economic downturns (Biddle [15] ).
The different phases of the Colombian economy in the nearly two and a half decades studied are identified in Figure 3 . At the end of the 1990s, the economy declined sharply and there was economic stagnation. That crisis was preceded by a phase of rising labour productivity. After the recession of 1998-1999, analysts expected a strong improvement in productivity but the actual recovery was slow and volatile. Figure 3 excludes the cohort and age productivity effects, to leave only the time effect.
Aggregated and Sectorial Productivities Using an Approach of Overlapping Cohorts
The first purpose of this section is to document how worker productivities change among successive cohorts. The second is to examine how the industrial and service worker productivity profiles change among different cohorts. Subsequently, how real wages or productivities change according to ages and by cohorts for the period 1982-2007, and are examined statistically using panel data models.
Labour Productivity Changes in the Industrial and Services Sectors Related to the Cohort
Profiles As several cohorts live in the same period, Figure 4 presents three cross sections every ten years, averaging five years. Cohorts of workers are grouped into ranges of five years so that there are twelve cohorts for each crosssection.
As shown in Figure 4 , workers' real wages in the twelve cohorts during 1992-1997 were generally higher 
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than in the other two periods. As has been mentioned above, registered economic growth rates in this economic period were relatively high, especially for middle age workers. In the period 2002-2007, the productivities of workers less than fifty years old were lower than those recorded in the two previous periods (1982-1987 and 1992-1997 ). But workers with over aged 50 recorded relatively higher real wages than levels that had been previously achieved.
Older workers in the last period were able to recover their real wages and productivity levels as they lived in a favourable economic growth phase when investment rates were increased. Younger and some middle-aged workers were paid less during 2002-2007 than their counterparts in previous periods. In general, recent cohorts of young workers saw their real wages and productivities decreased in comparison with cohorts of an older age. It is critical to understand that economic growth must be explained by additional factors, in this case, the reduced unemployment rate and concomitant growth in the number of workers.
An important portion of the analysis is to identify cohort productivity patterns for industry and service sectors. The service sector is defined here in terms of the following activities: financial and commercial services, restaurants and hotel management and transport. Figures 5-7 show that the industrial sector was not the leading sector in the economy during the periods considered. In the first period (1982) (1983) (1984) (1985) (1986) (1987) ) the industrial sector's productivity levels were slightly lower than those for the service sector, although its cohorts over fifty were superior in terms of productivity. In the period 1992-1997 the industrial sector's productivities were still lower than those in the service sector. For the period 2002-2007 industrial and services productivities show the same pattern. Overall, the curve shape for industrial productivity is approximately similar to that for services.
A key point is the analysis of the density functions for productivities. By way of illustration, Figure 8 shows three histograms (kernels) of the real wages for the cohorts representing those from 42 to 47 years old. The histograms apply to the following three periods: 1982-1987, 1992-1997 and 2002-2007 . "Kernels" are histograms with continuous approximations, performed through semi-parametric regression method.
The histograms (kernels) for the three referenced periods (Figure 8 ) exhibit two important facts. First, the real wages or productivities increase. This aspect is shown when the density functions are displaced toward the right. And second, functions tend to be pointed (kurtosis), and therefore the dispersion of real wages is smaller, in this case for workers aged 42 -47.
Savings, Capital Accumulation and Productivity
In highly stylized life-cycle model, young and middle-aged workers' productivity curve, the real wages curve, has a positive slope that allows these workers to save and accumulate assets for their retirement years, but this also allows the possibility of an inheritance for new generations. In general, the age profile curve exhibits a bending shape that moves up or down according to the real business cycle. That curved shape also explains the aggregate saving-investment levels in the economy.
Empirical evidence indicates that there is a redistributive effect against unskilled workers, caused by the capital accumulation process that incorporates new technologies saving unskilled labour, particularly those represented by young workers. These workers should save as much as they can to become more qualified and to acquire new capital. However, these young workers' relative earnings become relatively lower and, thus, they save less in relation to the resources that they really need in order to escape from poverty.
In this sense, an econometric approach is used in which the dependent variable is the monthly real wages measured in each quarter. The effects of labour experience and schooling on labour income are separated, where age is taken as the potential of labour experience 7 . Table 2 lists other additional economic factors that explain changes in real wages according to ages and working experience. Real wages must be negatively related to the unemployment rate, while being positively related to the physical capital accumulation logarithm and to an index of economic openness, all variables which are considered in quarterly terms.
Panel data estimation technical is applied for the following model: 
That equation is nearly the standard form of the Mincer model that regress real wages according to a constant linear term in years of schooling and a quadratic term in years of labour market experience (Heckman, Lochner and Todd [16] ). Additionally other variables are included in the regression, as mentioned above. The dependent variable in Equation (2) is the level, not the log, as is used by Faber and Gibbons [17] . The assumption behind it is that the real wages paid to workers are equal to the output that it is expected that they produce given the information available for employers regarding education and work experience. Real wages are also tested in log expression.
There are four regression specifications presented in Table 2 . The estimation technique is a fixed effects panel data, including the effects for 80 cohorts groups and the results show the usual strong positive relationship of wages with experience and education. The parameter values are those expected for individuals. Those obtained in the regressions [1] [2] [4] are statistically significant and the signs are as expected: positive for age, education, capital accumulation, and economic openness; and negative for the unemployment rate.
In regression [3] the signs are as may be expected and are positive for capital in terms of machines, instead of the total accumulated capital and economic openness; but the unemployment rate sign is the opposite, positive, nevertheless that all estimated parameters are statistically significant.
There is the assumption in the previous econometric model that the working experience profiles are parallel and diverge from the schooling levels (Heckman, Lochner and Todd [16] ; and Faber and Gibbons [17] ), and this result is showed in regression [2] , in which the parameter of the interaction of education and experience is no statistically significant different from zero (p-value > 0.50 using a two-tailed test).
As wage function is estimated in levels rather than logs, the coefficient of the quadratic function of age cannot be compared directly with standard estimates of age coefficients. However, the proportional effect of work experience on real wages starts with an annual growth rate of approximately 8 percentage, and then decreases progressively until reaching an annual growth rate of 1.7 percentage, which is approximately the range found in the estimation of real wage function in logs, that is regression [4] .
Capital accumulation has the greatest effect on the behaviour of real wages when the fixed effects are the cohorts. Economic openness is positive in all cases, but its impact is relatively low. In the last two decades, Colombia has undergone a process of trade liberalization, and this is likely to have positive consequences for the returns on human and physical capital. Trade liberalization in a developing country leads to more technology transfer that increases the demand for skilled labour (Pissarides [18] ).
An Example with a Simple Model
In this section a particular set of simplifications are introduced to provide greater clarity on concerning how each cohort makes decisions regarding the inter-temporal income during the life-cycle. Thus, a simple overlapping generation model is constructed in order to explain how a representative cohort makes the consumption and saving decisions, regardless of unforeseen difficulties (de la Croix and Michel [19] ).
The theoretical model is constructed with the following four characteristics: 1) Workers live for twelve periods. In the first nine ones they are active in the labour market; while the last three ones they receive a pension together with any accrued capital plus its returns (Hviding and Mérette [20] ). In this sense each period represents a five-year interval.
2) Twelve generations coexist simultaneously in each period, and each has the same life expectancy. The number of people entering the labour market in period t grows at rate n with respect to the immediately preceding generation.
3) Increasing labour productivities are attributable to technological improvements in physical capital, higher levels of labour skills and job apprenticeships. 4) Workers contribute to a pension fund during their working life. To simplify the analysis it is assumed that individuals do not pay taxes; as a consequence, the existence of government is abstracted.
The domestic output, which is consumed or added to the capital stock, is modelled as a Cobb-Douglas function, where the factors of production are capital and different degrees of skilled labour, being the less skilled workers the youngest while more skilled workers are middle-aged. Capital goods are traded before investment, but not later. Since market factors are competitive, demand goes to the point where marginal revenue equals the cost of acquisition.
For each set of equations related below, the subscript t is time and T is both the number of cohorts and the age for each. T 1 represents the nine working periods and T 2 the three pension periods (Equation (3)), so that
There is the problem of determining for which working period of nine (T 1 ) capital replaces unskilled workers; and from that period of time the capital is complementary to skilled workers. For practical purposes I shall consider that workers are unskilled for their first five periods, and afterwards they are complementary to capital.
The model structure is divided into three blocks of equations. These are: economy of a representative cohort, the pension fund, and the productive sector.
Economy of a Representative Cohort
The representative cohort is expressed by an inter-temporal utility function for T periods. Working life starts, say, at age 17. Individuals under that age are supposed to be economically dependent on their parents, but they are not an additional financial burden for them and do not obtain any utility in these years.
Workers retire from the labour market at the end of T 1 and then they are not occupationally active for the following three periods. The representative cohort uses both the accrued real assets and the savings accumulated in the pension fund to finance the consumption during the three nonworking periods (T 2 ).
People, who belong to a representative cohort, are rational and have perfect prediction, and their inter-temporal utility function is expressed as 
where c t+g−1 is the consumption of cohort g, in period t. β is a parameter that allows to obtain a wide range of different individual behaviour 8 . The inter-temporal utility function written for a particular cohort during her life cycle is:
being ρ the rate of time preference. Each cohort maximizes an utility function (Equation (5)) when choosing the optimal inter-temporal consumption paths, without exceeding the inter-temporal income.
The representative cohort born without wealth (T = 0 period). The cohort wealth is represented by the physical capital (k t ) and financial assets (f t ), where the last is related to the pension fund. It is further assumed that people do not left inheritances at the end of their lives. Individuals receive their labour income and the capital returns during their working life (T 1 periods), but in the last three periods the earnings are the accumulated capital and the returns, and pension payments. Thus, workers accrue assets during their active working lives, but those assets are consumed when they retire from the labour market.
Households' inter-temporal budget constraint, during their working life (T 1 ), is: 
where k is the per-capita capital stock; and r and ω are the interest rate and wages valuated in real terms. The ratio (φ) is the proportion of the labour income that is accumulated in a pension fund. The constraint during the retirement period is ( )
R is the pension payment in each retirement period, and these payments are equals in each period (annuity). Constraint 6 applies for 1, 2, , 9 g =  ; where households consume the difference between their incomes and the amount of resources allocated for both the capital accumulation employed in the production and their contributions to the pension fund. Constraint 7 applies when households leave the labour market ( 10, ,12 g =  ), where their consumption is financed by the pension, the accrued capital and the respective returns.
Household's consumption in the last period (T = 12) is equal to the sum of the residual capital (k 12 ), the last pension payment (R) and the capital returns (r 12 •k 11 ). That result is written as 12 12 12 11 . c k R r k = + + ⋅ (8)
Pension Fond
There is the restriction that the aggregated value of the pension fund contributions by workers at the end of working period S T1 must be equal to the total of pension payments. This is written as ( ) 
where R is a pension constant that is paid in each retirement period, and replaces the labour income. The mathematical expression for calculating R is 
Production Sector
This sector is represented by a Cobb-Douglas function with constant returns to scale, which allows calculate the capital, skilled and unskilled labour prices in t. The unskilled workers (L) are the aggregation of them in the first five periods. The qualified workers (S) are the aggregation of them over the next four periods. This function for period t is ( )
; where , and .
The term A is the total factorial productivity in the production function. The factors L and K, with elasticity η L,K < 0, are combined with S in the Cobb-Douglas production function to produce Y. The parameter η measures the efficiency of the capital stock (Kotlikoff and Sachs [2] ). Given L, S and K, an rise in η must reduce the unskilled labour productivity in relation to the skilled labour productivity, that is 0; and 0.
The production factor prices are set by the marginal productivities. The capital price (r t ) ( ) 
where k t and s t , in units of unskilled labour, are defined as 5 5 , ,
; and .
The estimated parameters in the quadratic expression for ages in Regression [1] are used to calculate the different levels of real wages that a typical worker would get during her life-cycle, taking the above factor prices (Equations (12)- (14) as averages in their states of unskilled or skilled. Real wages for different ages of workers are calculated with the quadratic expression 
Simulation
The simulations are run under the assumption that consumers take their optimal decisions, according to the Euler 
The simulations for factor prices, consumption, and capital accumulation for a representative cohort are related in Figure 9 , using the Newton-Raphson Method and the following parameter values: α = 0.3; β = 0.9; ρ = 0.08; φ = 0.05; γ = 0.05; and n = 0.064.
The experiment is performed as follow. First, a value of 0.7 is assigned to capital efficiency (η), and then this value is increased to 1.3 in order to compare the effects generated on the trajectories of wages, consumption, and the capital accumulative curve.
The four graphs in Figure 9 show the paths of the variables for a value of η equal to 0.7, when each period represents five years. Wages follow a linear upward trend and consumption also shows a growing linear trend thanks to pronounced dissaving until de seventh generation. The real interest rate is 11.3 percentage and is calculated as a weighted average for the whole economy.
The next four graphs in Figure 10 illustrate the results when the value of η is equal to 1.3. Figure 10 (a) presents higher real wages from the seventh to the ninth cohorts, corresponding to skilled workers. This result allows those cohorts of skilled workers to increase their consumption levels (Figure 10(c) ). Capitalization levels in the economy (Figure 10(d) ) fall less for the first cohorts of unskilled workers, if this variable is compared with its similar in Figure 9 (d), but capital levels for cohorts of skilled workers are clearly higher (Figure 10(d) ). All previous results are consistent with a real interest rate of 23.6 percentage.
Therefore there is a clear difference among the results that are getting if the capital efficiency (η) increases. The real wage gap between skilled and unskilled workers increases, consumption levels for workers with higher skill levels improve substantially, and simultaneously the dynamics of capital accumulation is higher. The above results are consistent with upper real interest rate.
Conclusions
The basic argument of this paper is that there is a close relationship between real wages earned, productivity and economic growth through capital accumulation. The hypothesis of the life-cycle theory, in its simplest version, shows that people tend to save during their working lives to finance their consumption when they retire from the labour market. However, the accumulation of capital and the introduction of increasingly sophisticated machines tend to replace less qualified workers, and thereby the gap between real wages of skilled relative to unskilled workers increases.
The hypothesis of the growing gap between the real wages of unskilled workers and those of highly skilled workers is studied empirically, and this phenomenon is simulated under the construction of a simple overlapping generation model. This issue is addressed with the consideration that young workers are less skilled and they are replaced by the introduction of more sophisticated machines in the production system, and, thus, real wages become relatively lower in comparison with more skilled workers. In contrast, the greater accumulation of capital in economies generally favours people of older ages and qualifications, who also tend to be owners. These inequalities are increasing over time, as unskilled workers increasingly require greater financial resources in order to obtain qualifications and this is in sharp contrast with the deterioration of workers' earnings. This aspect was simulated in an overlapping generation model, in which the parameter that relates to the efficiency levels of capital increases. Increased efficiency of capital increases levels of consumption and capital accumulation, thereby increasing the differences between the real wages of skilled relative to unskilled workers.
There are basically three empirical results from the Colombian household surveys for the period 1982-2007: 1) The curve shape of the age profiles by cohorts is the well-known standard life-cycle. The workers' productivities increase until the age of fifty, and then they tend to fall. In general, the hump shape of the productivity curve is the same for periods of high and low economic growth. The shape of this curve also explains the aggregate levels of savings-investment in the economy.
2) Cohorts of workers, who born before the 1950s, show increasing productivities. People, who were born from the 1950s to the late 1970s, exhibit decreasing productivities. Subsequent cohorts recover earlier productivity levels.
3) Colombia's labour structure has undergone important changes in the period 1982-2007. A demographic transition has tilted the balance from a relatively young population to an older one. This phenomenon has led middle-aged workers to increase their share in the labour market. Older workers have continuously increased their share in the labour demographic structure. Unfortunately, these structural changes have not resulted in significant increases in productivity levels.
The industrial sector has not been a leading sector in the period from 1982 to 2005. In some episodes its labour productivity and real wages have been lagged behind in relation to the service activities. In general, the pattern of industry real wages is similar to that of the economy where older cohorts have the highest wages relative to the younger cohorts.
For the most recent years, for which the Colombian economy faces unfavourable external shocks, the dynam-ics of the economy would tend to be slower. This economic result would have adverse effects in terms of income inequalities, especially against younger workers.
